Introduction.
Let f be a complex-valued additive function of a set defined on the bounded Borel sets in the plane in the sense of Saks [7] , and let Ci+p designate the closed disc of radius 1 with center at p. Berkovitz [l ] has shown that if the total variation /c1+p |_</>(w)| =o(|^|_1), then for any domain D contained in the interior of the fundamental square ß there is a double trigonometric series ~^_,ameimx whose circular partial sums are uniformly equiconvergent with the circular partial integrals of feixudf{u) in D. In this paper we extend the results of Berkovitz to set functions whose total variation over unit circles with center pis oi\p\a),a> -1, and obtain results similar to his with equisummability (C, a + 1) replacing equiconvergence. We then apply these results to the uniqueness of double trigonometric integrals and show that if c{u) =o(|u\~'), e>0, and if fE2eix%lciu)du is (C, 1) circularly summable to a function/which satisfies a Lipschitz condition of order a on every bounded domain, then iAir2)-1fE2e~ixufix)dx is (C, 1) circularly summable almost everywhere to c{u). In particular if/=0, then c{u) is almost everywhere equal to zero.
Zygmund's paper [lO] , where analogous results for the real line are obtained, provides the essential motivation for this paper. 2. Definitions and notations. As is well known, a complex-valued additive function of a set f defined on the bounded Borel sets in the plane may be written in the form f -<í>i -fi + iifs -fi), where fiii = l, • • ■ , 4) are non-negative additive functions of sets and represent respectively the upper variation and minus the lower variation of the real and imaginary parts of f on any bounded Borel set. We shall designate the total variation of f on the bounded Borel set E by either W{f, E) or a and [a] shall designate respectively the smallest integer =a and the largest integer =a.
The characteristic function of a set E will be designated by/s(x). By V2(,), we shall mean the Laplacian operator (D\+D\^ iterated / times. V2(0) will be interpreted as the identity operator. Aif(x) will designate the generalized Laplacian of / at x which is defined as «i if /(xi + r cos 9, x2 + r sin 0)d0 = a0 + c*ir2/4 + o{r2) as r -* 0.
o The closed disc of radius R will be designated by Cr and the Euclidean plane by E2. The fundamental square {x; -x = x,=x, i = l, 2} will be designated by ß.
We shall say that the trigonometric integral fEleixudtp(u) is circularly summable (C, a), a>0, to the finite value L(x) if the circular partial integrals of rank R,
All additive functions of a set introduced in the sequel, unless otherwise stated, will have as their domain the bounded Borel sets in the plane, will be countably additive, and, corresponding to Saks [7, p . 66], we shall call them, simply, additive functions of a set. All functions to be introduced will be Borel measurable, and unless otherwise stated the definitions and notations with regard to integration will be those of Saks [7] . 
Theorem
2. Let T=fE2eixudtp(u) be a double trigonometric integral with W(t¡>, Ci -u)=o(\u\a), ct> -1. Let Di be a bounded closed domain. Then there exists a continuous function g(u)=o{\u\a) such that fcReixudtp{u) -fcReixug(u)du is summable (C, a + l) to zero, uniformly for x in Di.
3. Let c(u), in L% on any bounded domain, be o(|7v|-e), é>0. Suppose the double trigonometric integral fE¡eixuc(u)du is circularly summable [September (C, 1) to fix). Furthermore, suppose fix) is in Lip a on every bounded domain ia positive and depending on the domain). Then the double trigonometric integral (4ir2)_1/_2e-iIU/(x) M circularly summable (C, 1) to c{u) for almost every u.
Corollary.
Let c{u), in L2 on any bounded domain, be oi\u\~'), e>0. Suppose the double trigonometric integral fEieix%lciu)du is circularly summable (C, 1) to zero for all values of x. Then c{u) is equal to zero almost everywhere.
Berkovitz
[l ] proved Theorems 1 and 2 in the special case when a= -1. The hypothesis concerning/in Theorem 3 can be weakened slightly, without changing the proof to be given, by assuming that / satisfies a Morera condition instead of a Lipschitz condition. (For this, see Cheng [4, Theorem 3 ] where a uniqueness result analogous to the one presented here is obtained for double trigonometric series.) To prove Theorem 1, it is first necessary to introduce the notions of the convolution of set functions and the formal product of trigonometric integrals. •/ B2 J E2 J Ei J Ei
Let Ti^fs^e'^dtp^) and T2=fEteixud\p(u) be two double trigonometric integrals with c/> and ^ as in Lemma 1. We then define the formal product TiT2 = T3 to be the trigonometric integral T3=fE2eixudx(u) where x=<P *xl/-Theorem 4. 7,e/ Ti=fEieixudtp(u) and T2=fEleixud\j/(u) be two double trigonometric integrals where W(tj>, G -u) =o(\u\ "), a> -1, awi /^l«!4 • |#(t<)| < oo where ö = 2ä + 5. Furthermore let X(x) =fEieixud\p{u) be such that
for x in E and for non-negative integers s, t, and z such that 0 <s+/+z= 5 + 1. Designate the formal product T1T2 by Ts. Then Ti-\Ti is circularly summable {C, a + 1) to zero uniformly for x in E. Then we see that the theorem will be proved when it is shown that (1) AB(x) = I eixudx{u) -\{x) I eixud<p{u) J cB J cB is uniformly summable (C, a + 1) to zero for x in E. To do this, we first prove some lemmas.
Lemma 2. Let tpx and \j/x be additive functions of sets indexed by x in E.
Let W{4>x, Ci -u)=o{\u\a) uniformly in x and fEi\u\s\d\j/x{u)\ <K where K is a constant independent of x, and a and S are as in Theorem 4. Furthermore let \x{p) =fE2ei^d^x{u) be such that 7)J1P)^V2WXI(0) =0 for 0 = s+/+zaa + l where s, t, and z are non-negative integers. Set Xx-<Px *^x-Then Xx{Cr) is uniformly summable {C, a + 1) to zero for x in E.
Observing that for fixed u, ( {R2 -p^-p^xiC, -u)dp = f dp f (
Now in a manner similar to Berkovitz [2, p. 330 ], we shall show that the right side of (2) is o(P2(a+1)), uniformly for x in P. Let a he a non-negative integer. Then P2-p2 = R2-\u\ 2+2ui{ui -pi) +2u2{u2-p2) -\u-p\2 and
where ßr,s,t.z are constants and r, s, t, z are non-negative integers. Since by hypothesis for fixed u, /_2| u-p\ 2*{ui-pi)3{u2 -p2)'df xip -u) =0, we have if |«I áP-2 that
where K is a constant independent of u and x. Since a similar inequality holds if P+2 ¿ | m | ^2P, we have that
uniformly in x.
It is furthermore clear that
uniformly in x, and that
Combining (3), (4), (5), and (6) we see from (2) that the lemma is proved in the special case when a is a non-negative integer. When W(tpx, G -u) =o{\u\ a+l) uniformly in x and a> -1 is notan integer, we have after replacing a by 5 in (3) and proceeding in the selfsame style as before that (7) f Xx{Cp){R2 -p2Ypdp = o(P«+«+2)
J o uniformly in x, and that
Writing the integral on the left side of (2) as the sum of the integrals
we see, after applying (7) and integrating by parts, that A =o(P2(a+1)) uniformly in x. From (8), we see that B also is o(P2(a+1)) uniformly in x, which fact concludes the proof to the lemma. Lemma 3. Let the hypotheses be the same as in Lemma 2 except that \x(t>) is not necessarily equal to zero. Then [September We are now ready to prove the theorem, that is, to show that Ar(x) defined by (1) is uniformly summable (C, a + 1) to zero for x in E. To do this we define the following additive functions of sets: tpx{A) = 1 eix"dtp{p), fx{A) = I eix*dif,{p) Ja Ja for all x in £ and then observe that
Since tf>x, 4>x, and \x satisfy the hypotheses of Lemma 3, we have by that lemma that
is uniformly summable (C, a + 1) to zero for x in E. If it can be shown that Xs(Ge) ^(px*^x(CB)=fcBeixudx(u), then AB(x), defined by (1), is equal to the right side of (9) and the theorem is proved. We shall now show this latter fact.
Let A be any bounded Borel set and x any fixed point in E. Choose a sequence of simple functions (gnO^)} such that |gn(«)| =1 and such that
which concludes the proof to the theorem. 5. Formal differentiation. Let T be the double trigonometric integral fE¡eixudtp(u). Then by (V2(,)DÎ17)Ï2)P is meant the trigonometric integral which one obtains by applying the operator formally to T. Thus
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A for all bounded Borel sets A. In a similar manner we define the sum of two trigonometric integrals and the product of a constant and a double trigonometric integral.
Finally we shall say that fEteixudOiu)=fBieixudfiu) if 0(_1) = fiA) for all bounded Borel sets A.
Let co be a positive integer. Then since \u\ 2= \u-x\ 2 + 2xi(wi -Xi) + 2x2(w2 -Xa) + |x|2, we see that (11) \u\2" = E Pr,s. Setting x=f**l/, we see by Lemma 1 that P exists and that V2(t,,)P = fE2eixudxiu) where x(_l) =/^î'2"|m| 2wdx{u). Defining fz,,,t and ^r,,,¡ as in (10) Je, Ja (12) then follows from (13) and (14), and the lemma is proved. 6. Localization.
To the double trigonometric integral T=fE2eixvdtp(u) where W(tp, Ci -u) = o(\u\ a), a> -1, we associate the Riemann function
where w = [a/2 ] +2 and
It is clear that V2 applied formally o¡ times to P(x) will give back the integral T. Furthermore since 2co-a>2, it is also clear that the last integral on the right in (15) converges uniformly in x.
Given two closed bounded domains Di and D, it is well known that if 7>iCT>°, the interior of D, a function X(x) of class C(k) can be constructed for any non-negative integer k such that X(x) = 1 if x is in 7>i and =0 if x is not in D. We shall call such a function X a localizing function for the domains 7>i andTA Setting DR(x) = fcReixudu, we obtain the following localizing theorem. is uniformly summable (C, a+1) to zero for x in Di.
From the decomposition of tp mentioned at the beginning of §2, we see that there is no loss in generality if we assume tj> to be a non-negative additive function of a set. The proof of the theorem will be given in three parts. in (10) . This will now be done. It then follows that the circular partial integral of rank R of V2(ai)P is
which concludes the first part of the proof to this theorem. Remark 2. It is apropos at this time to point out that, using (19), we have just proved /ei^(-lY\u\2"ß{u)du -I eixudtp(u) cB J cB is uniformly summable (C, a + 1) to zero for x in 7J>i in the case IF(ci>, G/2) =0. In Lemma 5 it will be shown that u(u) is continuous and u(u) =o(\u\ a-2a>).
For the second part of the proof, we assume that tj>{E2 -G/2) and that t6(0)=0. Consequently by (13) P(x) = I L{x, u)dtp(u). where a = s+t -2w, we conclude that the partial derivatives of P(x, u) with respect to Xi and X2 are uniformly bounded for x in a bounded domain and u in C1/2-O. Fix) is therefore of class C(oo) and V2<">F(x) =fCm-oeixudf{u).
Integrating the last integral on the right side of (16) For the third part of the proof, we assume 0(P)=O if 0 is not in P.
Then A"(x) in (16) is given by r r(«i + «2)2m 1
and it follows that A"(x) ->0 uniformly for x in Pi.
Observing that any non-negative additive function of a set f can be written as a sum of three parts corresponding to the three cases of the proof considered, we see that the proof of the theorem is complete.
Before proving Theorem 1, it will be necessary for us to reexamine the function piu) obtained in the first part of the proof of Theorem 5. We do so with the following lemma. The last expression on the right side of (20) Observing that any additive function of a set tp can be decomposed into two set functions, one corresponding to each part of the proof, we see that the proof of the theorem is complete.
8. Proof of Theorem 2. By Remark 2, after setting g{u) = (-1)" | u\2uß(u), we see that the theorem is proved in case W(tj>, G/2) =0.
Let us assume that W(tj>, A) =0 if A is a Borel set lying outside of G/2. Then h(x) = fcV2eixud<p(u) is a function in class Cl°°\ Let D be a bounded closed domain containing 7>i in its interior and let X(x) be the localizing function for Pi and D of class C(4). Then h(x)\(x) is a function of class C(4). Setting g(u) = (iw2)~1fE2e~ixuh(x)\(x)dx, we see that g(u)=o(\u\~4) and that fcRg(u)eixudu is uniformly convergent to fcmeixudtp(u) for x in Di.
Observing that a general tp can be decomposed into two additive functions of a set, one corresponding to each part of the proof, we see that the theorem is proved.
9. Proof of Theorem 3. Let us assume first that c(u)=0 if u is in G/2. Then the additive function of a set c6 defined by tj>(A) =fAc(u) du for any bounded Borel set A is such that W(tp, G/2)=0 and W(tp, G -u) =o(\ u\~').
Let F(x) = -fE2eiuxc(u)\ u\ ~2du be the Riemann function associated with the trigonometric integral fE2eixudxp(u). We shall show that F(x) is in class C (2) and that V2P(x)=/(x).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
For given any point x, consider the closed disc Ci + x. By Remark 4 in the proof of Theorem 1, there is a trigonometric series ^'ameimx with coefficients am = oi\m\~l) such that fcReixuc{u)duEUisä ameimx is (C, 1) summable to zero uniformly for x in G + x and such that G(x) -0O, the Riemann function associated with this series, differs from P(x) in G + x by a constant. Also it is clear that EUi_b ameimx is summable (C, 1) to/(x) in G-f-x. By [8, Theorem 1, and 9, Lemma 2] the generalized Laplacian of G(x), AiG(x), is such that AxG(x) =/(x) in G+x. So in particular AiF(x) =/(x). Since x was an arbitrary point we conclude that A:F(x) =/(x) for all x. Furthermore since c{u) I uI ~2 is in Pi on E2, we have that P(x) is continuous. These last two facts plus the fact that fix) satisfies a Lipschitz condition of order a on every bounded domain enables us to conclude that P(x) is in class CC2) and that 
